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Abstract

This thesis is divided into 5 chapters. Chapter 1 contains an introduction to the
subject. Chapter 2 contains a general review of neutrino physics, starting with a
short introduction of the standard model. It then reviews neutrino oscillations,
different models for massive neutrinos and concludes by presenting some exper-
iments involving neutrinos. The two main parts are neutrino oscillations and a
discussion of the Dirac and Majorana character of neutrinos.

In Chapter 3, there is first a general review of basic Quantum Field Theory
(QFT) and an explanation of the notation used in the following chapters. The
main part of the chapter is devoted to the derivation of an expression for the
oscillation probability using QFT. We start out by using the Euler-Lagrange
equation on that part of the Lagrangian density, from the standard electroweak
theory, that is of interest to us. We arrive at an expression for the oscillation
probability by using a wave packet approach and the Feynman fermion propa-
gator to connect the initial and final states.

In chapter 4, we treat neutrino oscillations in matter, first by a general discus-
sion. We then derive an expression for the oscillation probability when neutrinos
are propagating through a static uniform background, within the framework of
QFT, this is the simplest case of neutrinos interacting with the background.

In chapter 5, we compare the expression for the oscillation probability in
vacuum, which we derived in chapter 3, with other expressions derived using
Quantum Mechanics (QM) and QFT. We come to the conclusion that the QFT
treatment we used, in the relativistic limit, is similar to a QM treatment using
wave packets.

Key words: QFT, QM, neutrino, neutrino oscillations, neutrino flavor, Dirac

and Majorana neutrinos, matter effects, Gaussian wave packet, Feynman fermion
propagator.
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Preface

This thesis is the result of work done at the Division of Mathematical Physics,
Department of Physics at KTH between September 2001 and April 2002. In
order to gain insight into the area of neutrino physics, I first started out by
reading different books on the subject. In parallel with that I also read books
and took a course on QFT. The quite long introduction period was necessary in
order to obtain enough knowledge to be able to start the real work.

The thesis starts with a short introduction to the wide area of neutrino
physics. In chapter two I give a general review of neutrino physics. After a
short summary of different neutrino properties I then give a short introduction
to the standard model and why neutrinos are assumed to be massless. One major
part is about neutrino oscillations, starting with the derivation of the QM prob-
ability oscillation formula. I then discuss different aspects of the unitary mixing
matrix and what consequences CP7T and Lorentz violations have for the transi-
tion probability. There is also an extensive discussion about massive neutrinos
where I study different aspects, symmetry properties and different mass terms,
of Dirac and Majorana neutrinos. I also mention some different mass models
such as Grand Unified Theories (GUTs) and review some different experiments.

In chapter 3, I start by reviewing some basic QFT. This is needed in the rest
of the chapter, which is also the main part of the thesis. In order to arrive at an
expression for the transition probability, I start with the part of the Lagrangian
density which is of interest to us. By using the Euler-Lagrange equations of
motion, I then derive an equation of motion for the different neutrino mass
fields. In order to solve these coupled Partial Differential Equations (PDEs),
I used perturbation theory and expanded the different neutrino mass fields in
terms of creation and annihilation operators. It was then possible to write down
an expression for the flavor states in terms of the mass eigenfields in a wave
packet approach. The initial and final states are connected by the Feynman
fermion propagator, which arise naturally in the expression for the amplitude
as an expectation value of the time ordered product of mass eigenfields. The
expression for the transition amplitude contained several integrals and it took
some time to find the way in which order to perform them. I finally assumed
that the distribution of mass eigenfields was Gaussian. This allowed me to write
down an analytic expression for the transition probability in the relativistic limit.

Chapter 4 treats neutrinos propagating through matter and I discuss why
different neutrino flavors are not affected in the same way. This question brings
up the concept of neutral- and charged-current weak interactions. There are also
some comments about what CP symmetries imply for the dispersion relations
for neutrinos and antineutrinos. I then derive an expression for the oscillation
probability in the case when the neutrinos are propagating through a static
uniform background. The key problem is to find the propagator. The correct
way would be to solve a system of PDEs for the neutrino fields and then compute
the time ordered expectation value, unfortunately this is too difficult. I therefore
just take into account the first non-trivial contribution, i.e. when the neutrinos
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interact only once with matter. The correct way would be to sum up all different
contributions. I can therefore not expect to recover the QM result. Finally, I
mention the QM results using both a plane wave and a wave packet approach.

In chapter 5, I review some different expressions for the transition probability
derived in QM and QFT. I also compare these expressions to the one derived in
chapter 3, describing the similarities and the differences.
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Chapter 1

Introduction

The neutrinos which today play an important role in different branches such
as subatomic physics, astrophysics and cosmology were introduced more than
70 years ago by Wolfgang Pauli. Pauli introduced the new particle “neutron”
v to be able to describe the continuous spectrum of nuclear 8 decay (4,72) —
(A, Z 4+ 1) + e~ + v. His own words regarding the mass of v was “the mass
of the neutron should be of the same order as the electron mass”. In 1934,
four years after the introduction of the v, it received its final name neutrino
by Fermi. In 1957, Landau, Lee and Yang, and Salam formulated the first
theoretical argument in favor of a vanishing neutrino mass. The same year
Goldhaber et al. measured the neutrino helicity in a celebrated experiment. The
question was then, are neutrinos massive or not. One possible way to observe
this was suggested by Pontecorvo [26] in 1957. It was based on the fact that if the
neutrino flavors were a superposition of massive eigenstates, then the neutrinos
could oscillate between these different flavors.

There are several experiments looking for neutrino oscillations: solar neu-
trino measurements, atmospheric neutrino measurements, reactor experiments,
and accelerator experiments. Several experiments have claimed that their mea-
surements show some evidence for neutrino oscillations. The final breakthrough
came in June 1998 when the Super-Kamiokande collaboration reported to have
strong evidence for neutrino oscillations. The measurements on the depletion
of atmospheric muon neutrino flux fit well to a two flavor v, + v, oscillation
model.

In the standard QM treatment of neutrino oscillations, the mass eigenstates
are assumed to be relativistic and to have the same momentum and thus differ-
ent energies. The familiar QM model describing the flavor mixing process has
several conceptual difficulties compared to QFT models, see [2, 6, 12, 14, 27].
For example energy momentum conservation in the production and detection
processes that forces neutrinos to be in a mass eigenstate is incompatible with
neutrino oscillations. The neutrino oscillation probability is independent of the
details concerning the production and detection processes only in the extremely
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relativistic limit. Hence, in the case that some of the mass eigenstates cannot
be considered to be extremely relativistic, one has to use QFT. Of course, the
QFT expression must reproduce the QM oscillation probability in the extremely
relativistic limit. A very detailed review regarding different aspects and ques-
tions of neutrino oscillations in QFT can be found in [2]. Another interesting
question which is important in both a QM or QFT treatment is if there exists a
Fock space for the flavor eigenstates, since there exists a Fock space for the mass
eigenstates. This interesting question has been discussed by Giunti et al. [11].
Fuji, Habe, and Yabuki [8] give arguments that a Fock space of flavor neutrinos
does not exist.

When neutrinos propagate through matter the oscillation behavior may be
affected significantly, as was pointed out by Wolfenstein [28] in 1978. This is due
to the fact that in presence of matter the effective mass induced by the forward
scattering of neutrinos by the background changes the flavor oscillating param-
eters. A QM treatment of neutrinos interacting with matter can be found in
almost all books treating neutrinos. Peltoniemi et al. [23] have studied neutrino
propagation in matter using a wave packet approach. Cardall and Chung [7]
treats neutrino oscillations in a static uniform background by QFT and show
that they recover the QM oscillation amplitude in the relativistic limit.



Chapter 2

Neutrino Physics

2.1 What are Neutrinos?

Neutrino observations have played a key role in the understanding of weak inter-
actions in the standard model (SM). It is also believed that neutrinos may hold
the key to understand physics beyond the SM. Next to radiation the neutrino
is the most abundant form of matter in the universe. Thus the neutrino is an
important particle.

Some properties of neutrinos: They have spin 1/2 and are believed to have
no electric charge. But one of the major questions in particle physics today is:
Do they have mass?

At present we know that there exists three different kinds of neutrinos v,, v,
and v;. Some experiments are trying to find out if there exists a fourth type of
neutrino, since that would imply the existence of a fourth type of “matter”. The
different neutrinos are grouped, into different generations, with the quarks and
leptons in the following way:

Generation | Particles
1 u,d, e, v,
2 c? SJ /’l/’ V[l,
3 t,b, T, v,

All laboratory experiments up to today show that if neutrinos really have
mass it is much smaller than any of the other masses of quarks and leptons in
the same generation.

For the moment there are still some unanswered questions. Besides the mass
question some of these are: How many neutrino types are there? Are the neu-
trinos Dirac particles or Majorana particles? There are several good reviews of
neutrino physics [17, 18, 20].
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2.2 The Standard Model

The SM of electroweak and strong interactions is based on the gauge symmetry
group SU(3), ® SU(2), ® U(1)y-. It describes all fundamental forces in nature
except gravitation and the particles are classified into fermions and bosons in
the following way:

Fermions Bosons
§=1/2,3/2,... s=0,1,...
Baryons Leptons Mesons Gauge particles
p, ME Q| e, T Ve, | T K, D, ... v, W, 29, ...

Here SU(2), ® U(1), is the gauge group for the electroweak interaction called
the Glashow-Weinberg-Salam (GWS) electroweak model, whereas SU(3), is the
gauge group for the strong interaction known as Quantum Chromodynamics
(QCD). Particles with strong interaction are called hadrons, which includes
baryons and mesons. The hadrons are built up by elementary particles called
quarks.
All the interactions in the SM of elementary particles are given by the La-
grangian
ESM = Ekinetic + Cgauge + EYukawa + EHiggs (21)

where

3 3 3
Liinetic = QuiPQ,+ ) UaiPUs + Y _ D,iPD,
a=1 a=1 a=1

3 3
+> LaiPLo + Y EailE,, (2:2)
a=1 a=1
1 1
Loguge = —;G"°Gp, = JWHW, — 2 B" By, (2.3)
3 3 . 3 3 i
Lvuawa = =) GLQEU—) Y GQ,8Dy
a=1 bh=1 a=1 p=1
3 3 _
=3 GLL®E, +he, (2.4)
a=1 b=1
Lhiggs = (DF®)(D,®) + p?d'® — \(91®)? (2.5)

and the total number of independent parameters is 18. The fermions are divided
into quarks and leptons, and we have defined Q, U, D, L, and E in the following
way:
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Generations
1 2 3
ur, cr, tr,
) ) G
UR CR tR
dr SR br

VeL
er,
€R

(

B2 o |ga o

vuL
M
Hp

) () (

vrrL
U
R

)

The field strength tensors G**¢, WH"® and B*" are defined in terms of coupling
constants, structure constants, and the bosonic fields: The gluon g (G*?), the
electroweak gauge bosons W+, Z0 (W), the photon v (B*), and the Higgs H°
(®). The covariant derivatives D, are also defined in terms of the fields B,, etc.
This presentation is very short and a more detailed discussion of the standard
model can be found in [21].

Many experiments have been carried out in order to test the SM. For the
moment the Higgs boson H® has not yet been observed. The tau neutrino was
observed very recently, in 2000 at Fermilab.

When discussing neutrinos we can skip the SU(3) part since neutrinos do
not have strong interactions, although of course the strong interaction enters in
higher order corrections. The Hamiltonian of the weak interaction can written

as
4G F

Huweak = 7 [T#(2) I} (2) + pK* (z) Ku(2)] , (2.6)

where

Ju(z) =ay,PLVd +vy,Prl (2.7
and

Ku(@) = Y len(@)qvuPrq + €r(9)q, Prd]

q

+% EV%PLV + % ; lyu gy (1) = 959a(D)]1. (28)

Here €1,(q), €r(q), gv (1) and ga(l) are expressed in terms of the Weinberg angle
Ow, see page 26 in [20]. The matrix V denotes the mixing matrix between
different quark generations. The fermion fields are

u d Ve e
u=|c], d=|s], v=|wv. |, 1={pn}, (2.9)
t b v, T
and the chirality projection operators are defined as
1 1
PL:§(]1_’75)5 PR:E(H+’Y5)7 (210)
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which satisfy

P}!=P,, Pi=Pr, P,Pr=PpP;,=0, P,+Pgr=1,
P} =Py, P}=Pr, Py" =~"Pg. (2.11)

2.2.1 Neutrino Mass in the Standard Model

Only one helicity state of the neutrino is present per generation in the SM. Since
a Dirac mass term requires both helicity states this implies that the neutrino
cannot have a Dirac mass. On the other hand, a Majorana mass term, requires
only one helicity state, since it uses the opposite helicity state of the antiparticle,
could still be possible. The standard model conserves lepton numbers separately
for each generation. Due to the fact that a Majorana mass term would break the
lepton numbers by two units, such a mass term is not possible. Thus according
to the SM, neutrinos can have neither a Dirac nor Majorana mass term in any
order of perturbation theory or in the presence of non-perturbative effects. The
conclusion is therefore that the neutrino mass vanishes in the SM. This has some
implications, for example vanishing mixings and magnetic moment.

2.3 Neutrino Oscillations

2.3.1 History

Neutrino oscillation, which is a consequence of neutrino mixing, was first sug-
gested by Pontecorvo [26] in 1957. In 1962, Maki, Nakagawa, and Sakta [19]
introduced the concept of neutrino mixing with two flavors and the confirmation
of the existence of different neutrino flavors v. and v, came in the same year.
Gribov and Pontecorvo [13] developed the first theory of two neutrino oscilla-
tions and the oscillation probabilities as they are used today were formulated by
Bilenky and Pontecorvo [3].

2.3.2 Quantum Mechanical Treatment

The neutrinos are in almost all experiments produced by charged-current weak
interactions. In a neutrino beam, the neutrino 1, is created along with the
antilepton l,, 1o is not a physical particle, but a superposition of physical fields
v; with mass m;. This can be written as

tho = ZUajVj (2.12)
J

where we have introduced the mixing matrix U. If we take the Hermitian con-
jugate of Eq. (2.12) and act with it on the vacuum state |0) we obtain

[a) = D_Us;1vi) (213)
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Introduce the flavor state basis Hiavor = {|¥a)} and the mass eigenstate basis
Hmass = {|v;)}. A neutrino flavor state is a superposition of different mass
eigenstates and since the different mass eigenstates does not evolve in the same
way as the neutrino propagates the probability of finding a certain flavor varies
with time.

The simplest approach is obtained if we assume that all the neutrinos have
the same momentum p. As a consequence the different mass eigenstates |v;) will

have different energies since E; = ,/p? + m‘j because the masses are different.

The time evolution of |v;) in QM is given by the evolution operator e~¢Fit. Using
this gives |v;(t)) = e~*Fit|y;). Inserting the time evolution into Eq. (2.13) we

have '
Wa(t)) =) e UL |v)). (2.14)
J

The quantum mechanical transition amplitude A,g(t) for ¥, to be converted
into 1) after time ¢ is

Aap(t) = Wpla(t)) = D (velUsre FtU%;|v;)
j’k
= Y e EitUgUL,, (2.15)
j

where we have used that (vg|v;) = 0jk, i.6. Hmass is an orthonormal basis. The
probability P,s(t) that the transition o — § takes place is given by the absolute
value squared of the transition amplitude. We thus have

Pog(t) = [Aap(t)[? (s]ta(®))?
> UpUs UppUare™(FimBrIL, (2.16)
ik

2
In the relativistic limit, we can make the approximation E; ~ |p|+ % and also
replace t by the distance x. This gives

(m3—m?)
Pas(#) = 3 Us;UsUpiUake " 201 °. (2.17)
Jk

This expression can be rewritten in many useful ways which are suitable in
different situations. One example is
2rx
Pag(.'E) = Z |UﬁjU;jUEkUak| COos (L—k — d)a[g’jk) , (2.18)
gk !

where we have introduced
_ _ Ar|p|
jk = Ajk: )
Here Lj; are called oscillation lengths and gives the distance over which one
has appreciable oscillation effects. These derivations can be found in all books

L Ajk = m2- — m%, ¢a[3’jk = arg (UBjU;jUEkUak) . (2.19)

J
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treating neutrino oscillations. A more advanced derivation is presented in [18,
21].

If one instead assumes that all the neutrinos have the same energy E, then the
different mass eigenstates |v;) will have different momenta |p;| = {/E? —m} ~
E —m?/(2E). The transition probability can then be written as

(m3-m?)

Pag(z) =Y UsiUsiUpUare™ 75 = (2.20)
j’k

In the relativistic limit, in which E = |p|, Eq. (2.20) reads

(m3-m?)

Pag(z) = Up;Us;UppUare™ 7 7. (2:21)
Jik

Thus, an interesting fact is that the expression for the QM transition proba-
bility in the relativistic limit is the same regardless whether we assume that the
neutrinos have the same energy or the same momentum. This is discussed in
[15].

2.3.3 The Unitary Mixing Matrix

The matrix U is a unitary n x n matrix when there are n neutrino flavors. This
matrix U is characterized by n? real parameters out of which n(n — 1)/2 are
Euler angles (mixing angles) and n(n + 1)/2 are phase factors. Not all of the
phases are physically measurable.

For Dirac neutrinos the number of physically measurable phases are np =
(n —1)(n — 2)/2, while for Majorana neutrinos the number isn =n(n—1)/2.
Thus, the differenceisn —np =n—1.

The probability P,z depends on n(n — 1) parameters out of which n — 1 are
mass squared differences, n(n — 1)/2 are mixing angles and (n — 1)(n — 2)/2
are CP phases. The probability P,z in both the Dirac and Majorana cases
may depend only on phases in the matrix U that cannot be absorbed by the
phase transformation Uys; — U,; = €' Uyje™" i, where ¢q, d; . There are
(n — 1)(n — 2)/2 such phases. This implies that it is impossible to determine if
neutrinos are Dirac or Majorana particles by studying neutrino oscillations in
vacuum or matter. This has been discussed in [21].

If we assume that there is oscillation only between two Dirac neutrinos, then
the matrix U can be written in the following simple form

cosf sin€
U= (— sin @ cos0) ) (222)

This gives

A
Pronversion () = sin 26 sin? (Ex) (2.23)
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and
‘1 surviva, (:[ ) ]‘ SiIl 26 SiIl T (2 2 1)
ival 4:E ) )

If we instead assume oscillation only between two generations of Majorana
neutrinos, then the most general form for the mixing matrix is

U— ( cosd et sin0> . (2.25)

—e' sinf cosf

One can show that the phase p does not appear in the oscillation probabilities
and that they are the same as for two Dirac neutrinos, i.e., Eqs. (2.23) and
(2.24).

2.3. and orent iolations
ymmetry Properties

We are now going to discuss the different properties of the C, P, and T trans-
formations.

The charge conjugation operator C transforms a neutrino state |v(p, s)) with
momentum p and spin s into an antineutrino state |7(p, s)) according to

Clv(p,s)) = clv(p, ), (2.26)

where ( is a phase factor. In a second quantized theory C is a unitary operator.
We define the charge conjugate neutrino field ¢ as v“ = CvCf. For a more
detailed treatment see pages 18-19 in [18].
The parity operator P, which is unitary, transforms r into —r. Using this
operator, gives
P|V(p7 S)) = |V(_pa S))a (227)
where the phase factor  is called the intrinsic parity.
The time reversal operator 7 changes ¢t to —t, but keeps r invariant. This
means that
T|V(p7 S)) = |I/(—p, —S)), (228)
where the phase factor ~ depends on the spin s. The operator 7 has a special
property namely that it is antiunitary.
We also define the operator = CPT, which is antiunitary, since 7 is, and
the operator = CP.

Conse uences of and orentz Violations

It is possible that CPT and Lorentz symmetries are violated at very small length
scales. Neutrino oscillations can be used to put constraints on the symmetry
breaking parameters, because neutrino oscillations are very sensitive to CP7T and
Lorentz violations. CP, T, and CPT violations has the following consequences
for neutrino oscillations, (assume that 8 = «)
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CP is violated ~ Pog = Pgp.
T-invariance is violated  P,g = Paq.-
CPT is violated P, = PB& and P,, = Ps5.

The modification of the SM to describe small departures from exact Lorentz in-
variance has been developed by Colladay and Kostelecky. References and further
information can be found in a review by Pakvasa [22].

2. Massi e Neutrinos

The question of a plausible neutrino mass cannot be discussed in isolation since,
it is related to other issues of which the most important is that of neutrino
mixing. But if mixing occurs lepton numbers cannot remain as valid global
symmetries.

2. .1 x erimental imits

In order to get some limits on the masses one can use kinematical considerations
on different types of reactions. By studying the electron spectrum of the S-decay,

n—p+e+ve, (2.29)

it is possible to establish an upper bound for the v, mass. Upper bounds for the
v, and v; masses are obtained by treating the following reactions,

T p +u (2.30)

and
T =21 +31 +7° +v,. (2.31)

Experimentally we have the following upper limits on the neutrino masses [15]

m, 3eV,
my 190 keV,
m, 18.2 MeV. (2.32)

Only the mass eigenstates have well defined masses and not the flavor eigenstates.
Thus the values given above are only valid when there is no mixing at all, i.e.
when the flavor eigenstates are equal to the mass eigenstates.

2. .2 irac or Ma orana Neutrinos

If we assume that neutrinos are massive we are still faced with the question
whether they are Dirac or Majorana particles. If the neutrinos are Majorana
particles, then they are their own antiparticles, since they do not have any electric
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charge. But they could also be Dirac particles like all charged leptons and quarks
have to be as a consequence of electric charge conservation. It is impossible to
determine if neutrinos are Dirac or Majorana particles by studying neutrino
oscillations in vacuum or matter as stated earlier. This is sometimes also called
the “Dirac-Majorana confusion theorem” [25].

When discussing the differences between Dirac and Majorana neutrinos we
will introduce the notation vp and v to denote Dirac and Majorana neutrinos,
respectively.

Dirac Neutrinos

The left-handed and right-handed Weyl fields vy, and vg, also called chiral fields,
are defined by

I+
2

vy = Prv = v, vgp=Pgv= (2.33)
Since ysvr, = —vr, and y5vRr = VR, the chiral fields are eigenfields of 5. This is
valid both for massless and massive neutrinos. In the case of massless neutrinos,
vy, and vg are eigenfields of the helicity projection operator, p, i.e.,

pvL = —vr, PVR = VR. (2.34)

The helicity operator projects out states with the spin either along or against
the direction of motion. For massive neutrinos the helicity states are physical,
whereas the chiral states are not. However, the chiral states can be written as a
linear combination of helicity eigenstates.

For a Dirac neutrino there are two fields which can be used in the construction
of a Dirac mass term, namely vr, and vg. The SM does not include vg, since it
has not been observed in Nature.

Ma orana Neutrinos

The case of a Majorana particle was first discussed by Majorana in 1937.
A Majorana particle has half as many degrees of freedom as a Dirac particle.
The plane wave expansion of a Majorana field operator is

v @)= = (e Bl (e AT () (235)

where the meaning of A is that the antiparticle is the same as the corresponding
particle except for a phase A\. The Lagrangian density for a free Majorana field is
L(z) = 1¢(2)(i/ —m)p(z). One can, in addition, show that the propagator of a
Majorana field is given by the same expression as that of a Dirac field. However,
the Majorana propagator (0| (v ( )7 (z))|0) describes 7 — v or v — ¥ prop-
agation depending on the time ordering, whereas the Dirac propagator describes
v — v or U — U propagation.
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A Majorana neutrino v  is defined as a particle that has the following prop-
erty

v =v° =Cv (. (2.36)

Since v = v“, it has interesting CP and CPT properties. For Majorana neu-
trinos the CPT properties are the same for both free and interacting particles,
while the C and CP properties are only valid for free particles. A Majorana neu-
trino is an eigenstate of CP only if we neglect the fact that the weak interaction
violates CP. In the case of a free Majorana neutrino, we can write

v (p,s)) = [v (=p,9)) (2.37)

A direct calculation gives that = —( )", showing that the CP phase of
a Majorana neutrino is purely imaginary. A very important property is that
two different Majorana neutrinos can have opposite CP phases. This plays an
important role in the double 8 decay, see for example [17]. In order to make a
Dirac field one needs two Majorana fields with the same mass, but with different
CP phases.

2. .3 1 erent Models or Neutrino Masses

Here we will discuss different models for one generation of neutrinos the gener-
alization to n flavors can be found in [18, 20, 21].

Dirac Mass Term

From the Lagrangian density for a Dirac field £ = 7(i/ — m)v we identify the
Dirac mass term Lp = —mvv. Using v = vy, + vg, we have Lp = —m(VLvgr +
TURVL), since ULy and URvR vanish, see pages 68-69 in [21].

Ma orana Mass Term

The combinations vCv°, vCv and 7v° are all Lorentz invariant expressions.

Inserting v = v + vg, one obtains the following non-vanishing terms,
el —C T — C
vSvr, vLvg, vSvR, VRVE. (2.38)

Note that we have introduced the following notation vf p = (vr,r)°. It is
important to be careful with this notation since, (v, gr)¢ = (v%)g,1, see page

70 in [21]. By using Gg)t = 619" = ¢t (W10 = ¢tyOty = ¢4 = B, we
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t
observe that I/EVL = ﬁuf and the same holds for L «+ . We can then

write down the Majorana mass term as,

1 — 1 C
£ = —5mu@fv +700f) - sma(vGrn + 7RVE)
1 1
— _EmLV v ’L_imRV , RV R, (239)

where we have introduced the Majorana fields v = vp + uf and v g =
vp + I/g.

Dirac and Ma orana Mass Term

Next, we can write down the most general Lagrangian mass term
_ _ S p— L ST, L oC
Lp =Lp+L = —mp(VLvr + VRVL) — EmL(VLVL—}-VLVL)
1 R
—EmR(VIC_—;VR + ﬁl/g) (2.40)

In a CP invariant theory, all the mass parameters mp, mr, and mg can be
chosen to be real. By introducing the following notations

vy + I/g VR + ug
= ——= = —= 2.41
L 73 R 73 (2.41)
the Lagrangian Lp can be written in a more compact form,
Lp =V V, (2.42)
where
V= ( L) , = (mL mD) : (2.43)
R mp MR
Diagonalizing  gives the eigenvalues
1
mi2 = w 5\/4m% + (mr, —mg)2. (2.44)

In a spontaneously broken gauge theory, couplings of the fermions to Higgs fields
generate Dirac and Majorana mass terms.

The ee aw Mechanism

The see-saw mechanism is used in GUTs, such as SO(10) and left-right symmetric
models. In such models vg, acquires a large Majorana mass as a consequence of
the symmetry breaking.
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The left-right symmetric model, which is based on the gauge group SU(2), x
SU(2) x U(1)y,, contains a vg, this vg could be used to construct a Dirac and
Majorana mass term. Spontaneous symmetry breaking in two steps.

SU(2),, x SU(2) 5 x U(1)y — SU2),, x U()y (2.45)

and the field Wg acquires a mass w (®)g-

SU2), x U(1)y — UQ) 4 (2.46)

and the field Wy, acquires amass w  (®)r 83 GeV.
It is expected that (®)r  (®)L.

From the Dirac and Majorana mass term we have that the eigenvalues of the
matrix are mq 2. Let us discuss the case when my = 0 and mpg mp. We
then obtain the see-saw formulas

2

m _Mp (2.47)
mR
ma mRg. (2.48)

In the case of more then one generation these results can be generalized so that
mp and mp are matrices of the same dimension as the number of generations.
To get an idea about the different sizes we consider the case when

mp 250 GeV (electroweak scale) (2.49)
MR 10! GeV (GUT scale). (2.50)

This gives that m; —6 1073 eV and ms 10! GeV. The size of |my| is of
the right order of magnitude for neutrino oscillations.

ther Mass Models

Some other GUTs are based on the groups SU(5), SO(10), and E .

Since SO(10) contains the left-right symmetric gauge group SU(2), xSU(2) , x
SU(4), it automatically contains right-handed neutrinos. Thus, in the SO(10
model, massive neutrinos arise naturally.

Supersymmetry (SUSY), i.e., the symmetry between bosons and fermions has
been the subject of intense discussions in particle physics. In a supersymmetric
theory, all known particles have a superpartner. If we assume that the theory of
particles and forces must incorporate supersymmetry, this will have important
consequences for the physics of neutrinos. Some supersymmetric models are
the supersymmetric SM, the minimal supersymmetric SM (MSSM), and SUSY
left-right models. These models are discussed in detail in [20].
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2. Neutrino eriments

Some experiments involving neutrino oscillations and neutrino decay are looking
for processes which are forbidden if the neutrinos are massless while others as
nuclear f-decay, pion decay and tau decay are based on processes which are
allowed even in the SM with m, = 0. We can thus divide the experiments into
two different groups, which we will call kinematical tests and exclusive tests. We
will here only discuss exclusive tests as neutrino oscillations.

2. .1 xclusi e Tests

This group can be divided further into two subgroups those experiments which
depend on neutrino mixing and those in which mixing does not play a crucial
role.

Neutrino Mixing Experiments

In neutrino oscillation experiments, one looks for effects when = Lj, x m,m
, where Lj;, are the oscillation lengths. There can be two types of experiments:

Disappearance experiments: P,g(z) 1, i.e., some of the v, of the original
beam have disappeared.

Appearance experiments: P,g(z) 0 for o = 3, i.e., some of the v, of the
original beam have disappeared which is compensated by the appearance
of other flavors.

ther Experiments

The neutrinoless double S-decay process n+n — p+ p+ e~ + e violates the
lepton number by 2 units. Thus, such a process is only possible with Majorana
neutrinos.

2. .2 Ho many Neutrinos

In order to determine the number , of light active left handed neutrinos one
has to use the family structure of the SM and the assumption of a universal
diagonal neutral-current coupling according to the figure below.

A model for ,is , = — = _7_3, where i, is the decay rate of

invisible neutrinos. Experiments at the Large Electron Positron collider (LEP)
facility gives , = 2.994 0.012, see [1]. This clearly shows the existence of
three neutrino flavors.
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